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Cellular materials have two important properties: structures and mechanisms. These properties have
important applications in materials design; in particular, they are used to determine the modulus and
yield strain. The objective of this study is to gain a better understanding of these two properties and
to explore the synthesis of compliant cellular materials (CCMs) with compliant porous structures (CPSes)
generated from modiﬁed hexagonal honeycombs. An in-plane constitutive CCM model is constructed
using the strain energy method, which uses the deformation of hinges around holes and the rotation
of links. A ﬁnite element (FE) based simulation is conducted to validate the analytical model. The moduli
and yield strains of the CCMs with an aluminum alloy are about 5.8 GPa and 0.57% in one direction and
about 2.9 MPa and 20% in the other direction. CCMs have extremely high positive and negative Poisson’s
ratios (mxy  40) due to the large rotation of the link member in the transverse direction caused by an
input displacement in the longitudinal direction. CCMs also show higher moduli after contact of slit edges
at the center region of the CPSes. The synthesized CPSes can also be used to design a new CCM with a
Poisson’s ratio of zero using a puzzle-piece CPS assembly. This paper demonstrates that compliant
mesostructures can be used for next generation materials design in tailoring mechanical properties
such as moduli, strength, strain, and Poisson’s ratios. The proposed mesostructures can also be easily
manufactured using a conventional cutting method.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Cellular materials, often called lattice materials, are made up of
an interconnected network of solid struts or plates and have com-
plex architectures with voids (Gibson and Ashby, 1997) . They
include two-dimensional (2D) honeycombs, three-dimensional
(3D) lattice truss structures, randomly structured foams, and
porous materials, and they have received a lot of attention due to
their high stiffness to weight ratio. Despite numerous studies on
the mechanical properties of cellular materials, there is little
understanding of the function of each individual strut for a given
deformation mode, especially for a large deformation. This lacuna
in understanding is keeping cellular materials from widespread
use. By discerning the functions of the individual struts of cellular
materials, the overall stiffness (yield strength) and ﬂexibility (yield
strain) of cellular materials can be tailored appropriately.
Cellular materials with triangular topologies are known to
have high macroscopic stiffness as well as the stretching of thedominant properties of the cell members (Deshpande et al.,
2001; Wicks and Guest, 2004; Wang and McDowell, 2004;
Hutchinson and Fleck, 2006). On the other hand, cellular materials
in which the dominant topologies are bent, such as hexagonal cells,
are known to have low macroscopic stiffness and high ﬂexibility
(Deshpande et al., 2001; Wicks and Guest, 2004; Wang and
McDowell, 2004; Hutchinson and Fleck, 2006). In particular,
re-entrant hexagonal honeycombs have negative Poisson’s ratios
and high ﬂexibility with respect to in-plane shear due to the large
bending of vertical cell struts associated with their re-entrant
shape (Ju et al., 2012a,b; Ju and Summers, 2011a,b; Berglind
et al., 2010; Shankar et al., 2010; Heo et al., 2013). Observing the
deformation of hexagonal topologies, some struts are primarily
used for a structural purpose (stiffness), and some are mainly used
for a mechanism purpose (strain). For example, the inclined cell
struts of hexagonal honeycombs function as a mechanism, and
the vertical struts function as a structure in axial loading (Ju
et al., 2012b). On the other hand, the vertical cell struts of the
hexagonal honeycombs function as a mechanism, and the inclined
cell struts function as a structure in shear loading (Ju et al., 2012b).
The direction dependent mechanical properties of cellular solids
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desired direction. Therefore, the design of cellular materials pro-
vides an opportunity to develop functional materials with custom-
ized anisotropic properties.
A functional similarity with the mechanism of the struts of cell
topologies can be found in a ﬂexure-hinge based compliant mech-
anism. A ﬂexure-hinge based compliant mechanism is a single-
piece ﬂexible structure that delivers a desired force and motion
by undergoing elastic deformation as opposed to having rigid body
joints. Compliant mechanisms have received a lot of attention
because the hingeless one-piece device has many advantages over
linked mechanisms; they experience less friction and wear, they do
not require lubrication, and they are easier to manufacture and
maintain compared to multiple piece assemblies (Paros and
Weisbord, 1965; Howell, 2001; Lobontiu et al., 2002; Lobontiu
and Garcia, 2003). Various compliant mechanism synthesis meth-
ods have been suggested over the past decade and successfully
applied to the design of micro-electro mechanical systems
(MEMS), motion ampliﬁers, and compliant grippers to maximize
output displacements (Saxena and Ananthasuresh, 2001;
Muraoka and Sanada, 2010; Tanaka and Shbutani, 2009).
Efforts have been made to implement compliant mechanisms in
the design of ﬂexible cellular solids with negative Poisson’s ratios
(Evans and Caddock, 1999; Saxena and Annthasuresh, 2000;
Larsen et al., 1997; Mehta et al., 2009; Cirone et al., 2012). Flexible
mesostructures were identiﬁed using a topology optimization
method (Saxena and Annthasuresh, 2000). Using the similarity of
re-entrant honeycombs and compliant mechanisms, a new peri-
odic structure was identiﬁed (Mehta et al., 2009). A contact aided
compliant mechanism was also applied to improve the ﬂexibility
of mesostructures (Cirone et al., 2012). To enhance the ﬂexibility
of the re-entrant hexagonal honeycombs, curved walls were also
used (Shankar et al., 2010; Cirone et al., 2012). The results of these
efforts are applicable to designing materials – with a focus on the
moduli, yield strength, and yield strain – if the mesostructures are
used to tailor macroscopic properties.
Muraoka and Sanada proposed a displacement ampliﬁer using
porous geometries with a re-entrant honeycomb mechanism
(Muraoka and Sanada, 2010). We synthesized a compliant porous
structure with rectangular holes and slits using the re-entrant
honeycomb based displacement ampliﬁer to design a compliant
cellular material (CCM). We then developed a constitutive model
and conducted parametric studies with porous geometries (Kim
et al., 2013). Inspired by our previous work on the design of a
CCM with a high negative Poisson’s ratio (Kim et al., 2013), we
may extend our search to CCMs with high positive and negative
Poisson’s ratios.
In this paper, we propose a new materials design with porous
geometry using compliant mechanisms, as shown in Fig. 1. The
CCMs consist of circular holes and slits. The macroscopic mechan-
ical properties vary depending on the arrangement of holes and
slits. For example, one of the CCMs has an extremely high negative
Poisson’s ratio. The other has an extremely high positive Poisson’s
ratio. By arranging the porous geometries, we can customize the
mechanical properties – namely, the moduli and the strengths.
When designing compliant cellular solids, two design criteria
should be satisﬁed: (i) they should be ﬂexible enough to satisfy
the kinematic requirements, and (ii) they should be stiff enoughFig. 1. An example ofto support external loads. In this paper, we investigate the in-plane
macroscopic properties of mesostructures – the moduli, yield
strengths, yield strains, and Poisson’s ratios – while implementing
compliment mechanisms to design cellular materials. Using
analytical and numerical methods, the effective properties of the
mesostructures are obtained. A ﬁnite element based (FE)
simulation followed to validate the effective properties. The
designed mesostructures have a Poisson’s ratio of down to 82
and a modulus of up to 2 GPa, a strength of up to 9.3 MPa, and a
yield strain of up to 28%.
2. Synthesis of compliant cellular materials (CCMs) with
compliant porous structures (CPSes)
The mechanical properties of cellular solids are controlled by
both constituent materials and cell topologies. The cell topologies
can function as either a structure or a mechanism. If a cellular solid
is used for a structural purpose, it should be stiff. If a cellular solid
is used for a mechanism purpose, it should be ﬂexible. A combina-
tion of both purposes is also possible, depending on the selection
and design of cell topologies. Ju et al. designed cellular materials
in which the moduli and strengths (or yield strains) could be tai-
lored by modifying the geometry of the hexagonal honeycombs;
they modiﬁed the cell wall thickness, the vertical and inclined cell
lengths, and the cell angle (Ju et al., 2012a,b; Ju and Summers,
2011a,b; Berglind et al., 2010; Shankar et al., 2010; Heo et al.,
2013). They found that each cell strut has different functions–
structures and mechanisms. For example, the vertical cells of
hexagonal honeycombs contribute to the overall ﬂexibility
(mechanism-purpose) in shear. On the other hand, the inclined
struts contribute to the overall stiffness (structural purpose) in
shear (Ju et al., 2012b).
The behavior of hexagonal structures was also investigated
from a different view. Murakoa and Sanada suggested a displace-
ment ampliﬁer using a honeycomb link mechanism, as shown in
Fig. 2 (Muraoka and Sanada, 2010). They designed and tested a
plate with periodic patterns of rectangular holes and a slit, in
which rigid links and elastic hinges were deﬁned. Basically, they
created a ﬂexure hinge based compliant mechanism. After investi-
gating the expansion of a ﬂexure in the transverse direction for
longitudinal loading, which showed a negative Poisson’s ratio, they
found its similarity on the deformation of the re-entrant auxetic
hexagonal honeycomb (Muraoka and Sanada, 2010). Considering
that the location of the holes functions as an elastic hinge,
the unit-cell can be modiﬁed to have additional struts in the
x-direction to the conventional re-entrant hexagonal honeycomb;
this creates a hexagonal bow-tie shape (Fig. 2). The modiﬁed
conﬁguration still has an NPR. Kim et al. investigated the constitu-
tive behaviors of the CCM with a negative Poisson’s ratio and
conducted parametric studies on the mechanical properties with
varying geometries (Kim et al., 2013).
CCM design can be extended to other cellular geometries. For
example, both regular and re-entrant hexagonal topologies can
be designed with CPS-I and CPS-II, which are shown in Fig. 2.
In an effort to explore a high positive Poisson’s ratio of cellular
structures, one can design a compliant cellular structure with a
positive cell angle, which is similar to the regular hexagonal
topologies (Fig. 2(a)). In order to implement the honeycomb linkCCMs with CPSes.
Fig. 2. Concept of CCM with CPS.
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modiﬁed, as shown in Fig. 2, and we call it CPS-I. CPS-I can be
synthesized from a modiﬁed unit cell originating from a regular
hexagonal honeycomb with a positive cell angle (Fig. 2(a)).
Similarly, CPS-II can be synthesized from a modiﬁed unit cell
originating from a re-entrant auxetic hexagonal honeycomb with
a negative cell angle (Fig. 2(b)). There are several advantages in
manufacturing CCMs. Compared to the complex manufacturing
methods used for honeycombs – particularly forming and diffusion
bonding – the suggested CCM can be manufactured with
conventional cutting or casting. Moreover, the suggested CCM
can provide design ﬂexibility through the assembly of puzzle
pieced CPSes, as illustrated in Fig. 2.3. Constitutive modeling of compliant cellular materials
In this section, we build a constitutive CCM model while deriv-
ing effective moduli and strengths using the stain energy method.
A CPS, a CCM unit cell, is used to construct the constitutive CCM
model with consideration given to periodic boundary conditions.
Figs. 3 and 4 show CPS-I and CPS-II, respectively, constructed
with ﬂexure hinges using a honeycomb link mechanism based on
the re-entrant and regular hexagonal honeycomb geometries,
respectively. The CPSes have hinges A and B, which are the edges
outside circular holes with a radius R. Link l is deﬁned as the
distance between hinges A and B. The cell angle, h0, is deﬁned as
the angle between AB and a line in the x-direction (Figs. 3 and 4).On CPS-I of Fig. 3, when loaded in compression, hinge B moves
vertically in the y-direction as a result of a relative rotation of the
link, which induces a positive Poisson’s ratio. It should be noted
that the deformation of the link is negligible, but the elastic
deformation of hinges provides the overall deformation and stiff-
ness of the CCM-I. According to the ﬂexure hinge based compliant
mechanism, as can be intuitively observed in CPS-II in Fig. 4, when
loaded in tension in the x-direction, hinge A moves horizontally in
the load direction, and subsequently hinge B moves vertically,
which causes a negative Poisson’s ratio.
The mechanism based CCMs with CPSes may be used for tailor-
ing the anisotropic mechanical properties of ﬂexible materials. For
example, if one needs to design a customized material having a low
modulus and high yield strain in one direction for tension or com-
pression loading, one can tailor the properties through a combina-
tion of porous geometry, location, and base materials.
Lobontiu et al. developed closed-form expressions of ﬂexures to
vary the cross-section of a hinge (Lobontiu et al., 2002; Lobontiu
and Garcia, 2003). Basically, they calculated the kinematic displace-
ment and stiffness of a planar ampliﬁer with single-axis ﬂexure
hinges. This approach can be extended to obtain the constitutive
equations of CCMs with CPSes if they are used for materials. In this
study, we extend Lobontiu’s method on compliant mechanisms
(Lobontiu and Garcia, 2003) to tailor the mechanical properties of
the CCMs. Various hole-shape and porous volume ratio may be
applied in this analysis, but we will leave this for future studies.
Instead, in this paper, we will focus on constructing a mathematical
formulation of the effective properties of the proposed CCMs.
Fig. 3. Deformation mechanism of CPS-I.
Fig. 4. Deformation mechanism of CPS-II.
3892 K. Kim et al. / International Journal of Solids and Structures 51 (2014) 3889–3903Constitutive CCM relations can be obtained by observing the
deformation of the CPSes. The kinematic relations on the upper
part of the half model of CPSes are shown in Figs. 3 and 4, which
are the quarter section of the CPSes.
The CPSes synthesized from the modiﬁed honeycombs have
horizontal members, which function as a rigid link (Fig. 5). The
deformable ﬂexure hinges are located in the corner of the circular
holes, as can be seen in Fig. 5. l is the distance between hinges A
and B. Looking at the CPSes designed based on hexagonal honey-
combs, AB denotes the inclined length and functions as a rigid link.
h0 denotes the angle between the horizontal line in the x-direction
and AB. The depth of the CPSes is w, and the slit height is d.
In terms of materials design, our interest is in the effective mod-
ulus and strength (or the yield strain) of the CCMs. It is noticed that
the inclined strut (link) functions as a mechanism, so it does not
contribute to the overall stiffness of the CCMs. On the other hand,
the ﬂexure hinges basically resist external forces, and the material
of the hinges deform. This inﬂuences the overall stiffness and
strength of the CCMs. In the rest of this section, we will derive
the effective moduli and strengths of the proposed CCMs using
the ﬂexure hinges’ deformation and the link mechanism.
Fig. 5 shows the geometric parameters of CPS-I and CPS-II.
Observing the cross-section of the circular ﬂexure hinge inFig. 5(c), the height of the ﬂexure hinges, y, varies with the position
in the x-direction and is given by
yðxÞ ¼ Rþ t 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xð2R xÞ
p
ð1Þ
where R is the radius of the hole, and t is the minimum height of the
ﬂexure hinge. The varying cross-sectional area of the circular ﬂexure
hinge that occurs due to the circular shape of the hole and
the corresponding area moment of inertia of the circular ﬂexure
hinges are expressed as a function of x in Eqs. (2) and (3), respectively.
AðxÞ ¼ w  yðxÞ ¼ w  Rþ t 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  ðR xÞ2
q 
ð2Þ
IzzðxÞ ¼
w Rþ t 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  ðR xÞ2
q 3
12
ð3Þ
Now we use the strain energy method to obtain the constitutive
CCM equations. Considering the free body diagram for external
forces and moments applied to the ﬂexure hinge, as shown in
Fig. 5(d), the total strain energy of the ﬂexure, UTotal, is decomposed
with axial loading and bending, which is given by
UTotal ¼ UAxial þ UBending ð4Þ
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bending loads, denoted as UAxial and UBending , respectively, are
UAxial ¼
Z 2R
0
F2x
2EAðxÞ dx; UBending ¼
Z 2R
0
ðMz  xFyÞ2
2EIzzðxÞ dx ð5Þ
While formulating the deﬂection of the ﬂexure hinge with a varying
cross-section, Castigliano’s second theorem is used:
di ¼ @U
@Fi
; Dhi ¼ @U
@Mi
ð6Þ
which states that displacement di in the direction of load Fi is equal
to the ﬁrst partial derivative of the strain energy with respect to Fi,
and rotation Dhi in the direction of moment Mi is equal to the ﬁrst
partial derivative of the strain energy with respect to Mi.
The deﬂection in the x and y directions that result from the
external forces and moments are expressed in Eqs. (7) and (8),
respectively.
dx ¼
Z 2R
0
1
EAðxÞdx  Fx ð7Þ
dy ¼
Z 2R
0
x2
EIzzðxÞdx  Fy 
Z 2R
0
x
EIzzðxÞ dx Mz ð8Þ
It should be noted that Mz is an input moment induced by the rota-
tion of the ridged body link-member AB, not a resultant bending
moment.
Dhz; which is the angle of rotation caused by the moment with
respect to the z-direction, is expressed as
Dhz ¼ 
Z 2R
0
x
EIzzðxÞdx  Fy þ
Z 2R
0
1
EIzzðxÞdx Mz ð9Þ
The displacement-loading relationship can be expressed Fx in a
matrix form by
Dhz
dy
dx
0
B@
1
CA ¼
R 2R
0
1
EIzzðxÞdx 
R 2R
0
x
EIzzðxÞdx 0
 R 2R0 xEIzzðxÞdx
R 2R
0
x2
EIzzðxÞdx 0
0 0
R 2R
0
1
EAðxÞdx
2
6664
3
7775
Mz
Fy
Fx
0
B@
1
CA
ð10Þ
Note that the displacements and the rotation are the same for both
CPSes because both CPS-I and CPS-II are using the same circular
ﬂexure hinge (Fig. 6).
The overall deformation of the CPSes for external forces Fx and
Fy is described with a combination of the deformation of the ﬂex-
ure hinge and the corresponding rigid body motion of link AB.
When the external forces, and Fy, are applied to the CPSes, the ﬂex-
ure hinge deforms both in the longitudinal and lateral directions,
as can be seen in Fig. 6(a). Looking at a quarter section of the CPSes
consisting of a rigid link member and two ﬂexures with both axial
and rotational springs, the stiffness of both springs can be derived.
As mentioned earlier, the ﬂexure hinges affect the overallEx ¼
rx
ex
¼ L
2Hw
Fx
2
R 2R
0
1
EAðxÞdx  Fx þ l  cos h0 
R 2R
0
x
EIzzðxÞdx  Fy þ
R 2R
0
1
EIzzðxÞdx 
lsinh0
4 Fx þ lcosh04 Fy
 n o
 l  cosh0
ð15Þstiffness because the hinge is the only element deformed. Using
Eqs. (8)–(10), the stiffness matrix can be calculated by reverse
matrix of the displacement-loading relationship.kh khty 0
khty kty 0
0 0 ktx
2
64
3
75¼
R 2R
0
1
EIzzðxÞdx 
R 2R
0
x
EIzzðxÞdx 0
R 2R0 xEIzzðxÞdx
R 2R
0
x2
EIzzðxÞdx 0
0 0
R 2R
0
1
EAðxÞdx
2
6664
3
7775
1
ð11Þ
Considering the quarter section of the CPS unit cell in Fig. 6(a) and
(b), a free-body diagram with the external forces and moments,
Fx=2, Fy=2, and, generated on the each hinge is shown in Fig. 6(c).
Mz is determined from the static equilibrium of the rigid link:
Mz ¼ l  sin h04 Fx þ
l  cos h0
4
Fy ð12Þ
The total displacement of the CPSes in the x-direction, dTotalx , is
obtained from the sum of the elongation of the ﬂexure hinges and
the relative translation in the x-direction induced by the rotation
of the rigid link;
dTotalx ¼ 2dx þ l  cosðh0 þ DhzÞ  l  cosh0 ¼ 2
Z 2R
0
1
EAðxÞdx  Fx
þ l  cos h0 
Z 2R
0
x
EIzzðxÞdx  Fy

þ
Z 2R
0
1
EIzzðxÞdx 
l  sinh0
4
Fx þ l  cosh04 Fy
 
 l  cosh0 ð13Þ
Note that dTotalx consists of both the deformation of materials and the
mechanism; the term, 2Fx=kt , is from the stretch of the ﬂexure
hinges in the x-direction, and the rest of the terms are associated
with the rotation of the rigid link.
Observing the deformation in the y-direction, the total displace-
ment of the CPSes in the y-direction, dTotaly , is primarily caused by
the rotation of the rigid link and subsequent bending deformation
of the ﬂexure hinges, rx which is represented by
dTotaly ¼ 2dy þ l  sinðh0 þ DhzÞ  l  sinh0 ¼ 2 
Z 2R
0
x2
EIzzðxÞdx  Fy


Z 2R
0
x
EIzzðxÞdx
l  sinh0
4
Fx þ l  cosh04 Fy
 
þ l  sinfh0 
Z 2R
0
x
EIzzðxÞdx  Fy
þ
Z 2R
0
1
EIzzðxÞdx 
l  sinh0
4
Fx þ l  cosh04 Fy
 
g  l  sinh0 ð14Þ
It should be noted that dy in Eq. (14) is not from the stretching of the
ﬂexure hinges in the y-direction but from the bending of the ﬂexure
hinges caused by moment Mz.
The effective modulus in the x-direction, Ex, is obtained by
applying a uni-axial load in the x-direction by substituting Fy ¼ 0
into Eq. (13). The effective stress in the x-direction, is represented
by the force and the effective Ey cross sectional area, A

xð HwÞ, in
the x-direction; rx  Fx=Hw. The effective strain in the x-direction,
ex , is given by 2d
Total
x =L. Therefore, is obtained from Hooke’s law
with Eq. (13):In the same way, the effective modulus in the y-direction, Ey, can
be obtained by applying a uni-axial load in the y-direction and
by substituting Fx ¼ 0 into Eq. (14). Using Hooke’s law with the
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y-direction (ey ¼ 2dTotaly =H), is obtained asEy¼
ry
ey
¼ H
2Lw
Fy
2  R 2R0 x2EIzzðxÞdx Fy
R 2R
0
x
EIzzðxÞdx 
lsinh0
4 Fxþ lcosh04 Fy
 n o
þ l sin h0
R 2R
0
x
EIzzðxÞdx Fyþ
R 2R
0
1
EIzzðxÞdx 
lsinh0
4 Fxþ lcosh04 Fy
 n o
 lsinh0
ð16Þmxy; the Poisson’s ratios of the CCMs for a uni-axial load in the x-
direction, is obtained from the ratio of ey to ex for; Fx ¼ 0mxy ¼
ey
ex
¼ L
H
2  R 2R0 x2EIzzðxÞdx  Fy 
R 2R
0
x
EIzzðxÞdx 
lsinh0
4 Fx þ lcosh04 Fy
 n o
þ l  sin h0 
R 2R
0
x
EIzzðxÞdx  Fy þ
R 2R
0
1
EIzzðxÞdx 
lsinh0
4 Fx þ lcosh04 Fy
 n o
 l  sinh0
2
R 2R
0
1
EAðxÞdx  Fx þ l  cos h0 
R 2R
0
x
EIzzðxÞdx  Fy þ
R 2R
0
1
EIzzðxÞdx 
lsinh0
4 Fx þ lcosh04 Fy
 n o
 l  cosh0
ð17ÞSimilarly, myx, the Poisson’s ratio of the CCMs for a uni-axial load in
the y-direction, is obtained by ex and ey for Fy ¼ 0;myx¼
ex
ey
¼H
L
2
R 2R
0
1
EAðxÞdx Fxþ l  cos h0
R 2R
0
x
EIzzðxÞdx Fyþ
R 2R
0
1
EIzzðxÞdx 
lsinh0
4 Fxþ lcosh04 Fy
 n o
 l cosh0
2
R 2R
0
x2
EIzzðxÞdx Fy
R 2R
0
x
EIzzðxÞdx 
lsinh0
4 Fxþ lcosh04 Fy
 n o
þ l  sin h0
R 2R
0
x
EIzzðxÞdx Fyþ
R 2R
0
1
EIzzðxÞdx 
lsinh0
4 Fxþ lcosh04 Fy
 n o
 l  sinh0
ð18ÞIn terms of materials design, one may be interested in the effective
strength of the CCMs to deﬁne the macroscopic yield strength. The
strength of the CCMs can be obtained by considering plastic failure,
which occurs as a result of the bending moment of the ﬂexure
hinges. When the bending moment of the ﬂexure hinges reach
rY es the fully plastic moment, the CCMs collapse plastically in
the hinges and begin to display plastic behavior. For the uni-axial
load, Fx, the moment applied in the hinges of the CPSes is
expressed as
Mz ¼ l  sinh04 Fx ð19Þ
The moment that includes the hinges being fully plastic during
bending is expressed as
Mp ¼ l  sinh04 FYð Þx ð20Þ
where ðFYÞx is the force to induce the plastic deformation of
the hinges in the x-direction. Applying the relationship between
ðFY Þx and the yield strength of the base material, Eq. (20)
can be
Mp ¼ 14wt
2rY ð21Þ
Substituting Eq. (20) into Eq. (21):
l  sinh0
4
ðFY Þx ¼
1
4
wt2rY ð22Þ
The force inducing yield is obtained:
ðFYÞx ¼
1
lsinh0
wt2rY ð23ÞUsing the relationship between the effective strength and the force
inducing yield (ðFY Þx ¼ ðrY ÞxAx  ðrY ÞxHwÞ, the effective yield
strength in the x-direction is obtained:ðrYÞx ¼
t2
Hl  sinh0 rY ð24Þ
Similarly, for a uni-axial load, Fy, in the y-direction, the moment
in the ﬂexure hinges is given by
Mz ¼ R Fy2 þ
lcosh0
4
Fy ¼ 2Rþ lcosh04
 
Fy ð25Þ
It should be noted that the ﬁrst term is related to the bending defor-
mation of the ﬂexure hinges, and the second term is related to a
rigid body rotation of the link.
Similarly, the effective yield strength in the y-direction is
obtained from the relationship between the force in the y-direction
and the yield strength of the base material, rY .
ðFY Þy ¼
1
4 lcosh04 þ 2R
 wt2rY ð26Þ
By considering that ðFY Þy ¼ ðrY ÞyAy  ðrYÞyLw and using Eq. (26) for
comparison, the effective yield strength in the y-direction is
provided:
ðrYÞy ¼
t2
Lð8Rþ lcosh0ÞrY ð27Þ
It should be noted that the approach used to obtain the effective
properties of CCMs is different from the cellular materials theory
(CMT) Gibson and Ashby, 1997 because the current method does
not consider deformation of the link by bending. To generate the
nonlinear stress–stain behaviors of CCMs, a numerical increment
scheme is used. Details on the incremental scheme are described
in the Appendix. The analytical models constructed in this section
will be validated with ﬁnite element simulations in the next
section.
Fig. 5. Geometric parameters of CPSes; (a) CPS-I was designed based on the regular hexagonal honeycomb link mechanism, (b) CPS-II was designed based on the re-entrant
hexagonal honeycomb link mechanism, (c) cross-sectional proﬁle of the half circular ﬂexure hinge, and (d) free body diagram at the ﬂexure hinge.
Fig. 6. Spring model of ﬂexure hinges and a link (a) and (b), and its free body diagram (c).
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Table 1
Dimensions of CPSes in Fig. 5.
H L R
1.5 mm 10 mm 0.5 mm
t w l
0.2 mm 1mm 3mm
h0 CPS-I 8.65
CPS-II 8.65
3896 K. Kim et al. / International Journal of Solids and Structures 51 (2014) 3889–39034. Finite element simulations
In order to validate the mathematical models in the previous
section, the constitutive behaviors of the CCMs are simulated with
a commercial ﬁnite (FE) element code, ABAQUS/Standard. An alu-
minum alloy (E = 70GPa, m = 0.34, and rY = 500 MPa) is used as a
constituent material for the CCMs. The dimensions of the CPSs
are shown in Table 1.
A unit cell analysis with CPS using periodic boundary conditions
is applied to study the macroscopic properties of the CCMs with an
eight-node linear brick element (C3D8R in ABAQUS). Fig. 7 shows
the boundary conditions of the CPSes for uni-axial loading. For
uni-axial loading in the x-direction, a force is applied on the right
edge while a roller boundary condition is applied on left and bot-
tom center edges until the constituent material reaches its yield
in the ﬂexure hinges, as shown in Fig. 7(a); ux ¼ 0 at x ¼ 0;
uy ¼ 0 at y ¼ 0 where ux and uy are the displacements in the
x- and y-directions, respectively.
For the uni-axial loading in the y-direction, as shown in
Fig. 7(b), a vertical force is applied on the top center until the
constituent material reaches its yield in the ﬂexure hinges while(a) loading in the x-direction
y
x
y
x
Fx
Fx
Fig. 7. Boundary conditions on
Fig. 8. Stress (von Mises) distribution of CCM-I andthe left and bottom center edges are being kept under the roller
boundary condition; ux ¼ 0 at x ¼ 0;uy ¼ 0 at y ¼ 0.
A frictionless contact option is selected on the slits’ surface
during the simulation considering possible contact during
deformation.4.1. Uni-axial loading in the x-direction
Fig. 8 shows the stress distribution of CCM-I and CPS-I for
uni-axial loading in the x-direction – tension and compression. For
a tensile load in the x-direction, a lateral contraction occurs in the
y-direction and induces the contact of slits, as shown in Fig. 8(a).
For a compressive load in the x-direction, a lateral expansion
occurs in the y-direction, resulting in a positive Poisson’s ratio. A
stress concentration is observed in the ﬂexure hinges around the
circular holes where the ﬂexure hinges carry most of the loads.
The remaining part of the holes does not carry loads but functions
as a rigid link (Fig. 8). For a given yield strength of the base mate-
rial, rY (=500 MPa for an aluminum alloy), the force that induces
the plastic deformation of the ﬂexure hinges is obtained from Eq.
(23) – 49.95 and 36 N for tensile and compressive loads, respec-
tively. In the FE simulation, the uni-axial tensile force of CPS-I in
the x-direction that causes the yield of the base material near the
holes of CPS-I is 49.94 N. The compressive force that causes the
yield of CPS-I is 32.67 N. An error of about 9.25% occurs with
Eq. (23) for the non-contact region; this is the compression of
CCM-I.
Fig. 9 shows the stress distribution of CCM-II and CPS-II for uni-
axial tensile and compressive loading in the x-direction. For a
tensile load in the x-direction, a lateral expansion occurs in the(b) loading in the y-direction
y
x
y
x
Fy
Fy
CPSes for FE simulations.
CPS-I for a uni-axial loading in the x-direction.
Fig. 9. Stress (von Mises) distribution of CCM-II and CPS-II for the uni-axial loading in the x-direction.
Fig. 10. (a) Effective stress–strain curves and (b) Poisson’s ratio, mxy of CCMs for uni-axial loading in the x-direction.
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Fig. 9(a). For a compressive load in the x-direction, a lateral con-
traction occurs in the y-direction and causes contact of the slit
edges, as shown in Fig. 9(b). The maximum local stress is observed
in the ﬂexure hinges around the circular holes where the ﬂexure
hinges carry most of the loads. The force inducing the plastic defor-
mation of an aluminum alloy CPS-II (rY = 500 MPa) is also obtained
from Eq. (23) – 49.95 and 36 N for tensile and compressive loads,
respectively. Note that Eq. (23) applies to both CPS-I and CPS-II. In
the FE simulation, the uni-axial tensile force in the x-direction
that induces the yield of the constituent material near the holesof CPS-II is 48.47 N. The compressive force inducing the yield of
CPS-II is 49.94 N. An error of about 3% occurs with Eq. (23) for
the non-contact region; this is the tensile loading of CCM-II.
The mechanical properties of the mechanism based porous
materials can be characterized by estimating effective stress–strain
curves and Poisson’s ratios. The effective stress–strain curves of
CCMs along with CPSes in the x-direction are shown in Fig. 10.
FE simulations show the nonlinear constitutive behaviors of CCMs.
A unit cell based analytical model with a CPS also shows good
agreement with the nonlinear constitutive behaviors of CCMs,
except for the contact region of the slit surfaces; there exists a
Fig. 11. Stress (von Mises) distribution of CCM-I and CPS-I for a uni-axial loading in the y-direction.
Fig. 12. Stress (von Mises) distribution of CCM-II and CPS-II for a uni-axial loading in the y-direction.
3898 K. Kim et al. / International Journal of Solids and Structures 51 (2014) 3889–3903maximum 10% difference at the yield points. The analytical consti-
tutive relation of Eq. (15) can be implemented into a numerical
scheme to obtain effective stress–strain curves. By applying incre-
mental forces in Eq. (15), stepwise stress–strain relations are
obtained. Further explanation on the numerical method is found
in the Appendix.
Note that Eq. (15) does not account for the surface contact of the
slits. It should also be noted that the stress–strain curves of theCCMs in Fig. 10 were generated within the elastic region of the
base material. The effective moduli of the CCM-I and CCM-II are
5.92 and 5.94 GPa, respectively, which are close to the theoretical
value of 5.84 GPa obtained from Eq. (15) when the base material
is selected with the aluminum alloy.
The yield strength and strain for a tensile loading in the x-direc-
tion of both CCM-I and CCM-II are 33.3 MPa and 0.45%,
respectively, from Eq. (24). The yield strengths and strains for a
Fig. 13. (a) Effective stress–strain curves and (b) Poisson’s ratio, myx , of CCMs for uni-axial loading in the y-direction.
Fig. 14. Synthesis of CPS-III with a zero-Poisson’s ratio.
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24 MPa and 0.58%, respectively, from Eq. (24).
The FE simulation shows that the yield strengths of CCM-I and
CCM-II are 33.29 and 32.31 MPa, respectively, for tensile loading in
the x-direction. CCM-I has a higher yield-strength in tension alongthe x-direction than CCM-II due to the surface contact of the slits
on the center region of CCM-I during the tensile loading in the
x-direction. For compressive loading in the x-direction, the FE
simulation shows that CCM-I and CCM-II have ex yield strengths
of 21.78 and 33.29 MPa, respectively; CCM-II has a higher yield
Fig. 15. Poisson’s ratio and effective stress–strain curve of CCM-III.
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the surface contact of slits on the center region of CCM-II during
the compression load. Note that Eq. (24) does not consider the sur-
face contact of the slits.
Considering the large deformation, the Poisson’s ratios of the
CCMs may be tailored with a proper selection of CPSes. Fig. 10(b)
shows the effective Poisson’s ratios, mxy, of the CCMs obtained from
Eq. (17) and the FE simulation. CCM-I has an extremely high posi-
tive Poisson’s ratio of up to about +40 due to the displacement
ampliﬁcation in the transverse (y) direction for a small displace-
ment input in the longitudinal (x) direction. mxy slightly varies with
a strain in the longitudinal direction, ex – 36.7 for a of 0.58% and
40.42 for a ex of 0.16%. The FE simulation shows a maximum mxy of
about 40.49. It also shows a sharp drop in the mxy of CCM-I at
ex ¼ 0:18% due to contact of the slits at the center region. A similar
trend with respect to the Poisson’s ratio is detected with CCM-II,
except in the opposite direction of the lateral deformation of
CCM-I. It shows an extremely high negative Poisson’s ratio of about
40 and varies with a strain of ex – 41.03 for a ex of 0.45% and
38.42 for a ex of 0.17%. The FE simulation shows a maximum
mxy value of about 40.07. It also shows a sharp drop in the mxy of
CCM-II at ex ¼ 0:17% due to contact of the slits at the center region.
Eq. (17) still shows good agreement in the prediction of the Pois-
son’s ratio before the contact of slits; a error of within 4% exists
compared with the FE simulation.The Poisson’s ratios of the CCMs are primarily affected by the
length of the rigid link, which functions as a lateral displacement
ampliﬁer with respect to the longitudinal input. The higher the
length of the link, the higher the value of the Poisson’s ratio
obtained. The gap between the upper and lower slits also has an
inﬂuence on the Poisson’s ratio.
4.2. Uni-axial loading in the y-direction
For a uni-axial load in the y-direction, the stress distributions of
CCM-I and CCM-II are shown in Figs. 11 and 12, respectively. Rela-
tively low tensile stiffness is detected in the y-direction for both
CCM-I and CCM-II due to the fact that the link member only func-
tions as an openingmechanism for tensile loading in the y-direction,
as shown in Figs. 11(a) and 12(a). However, CCMshavehigh stiffness
for compressive loading in the y-direction due to the contact of the
slits at the center region, as can be seen Figs. 11(b) and 12(b).
The force inducing plastic deformation of the ﬂexure hinges of
CCM-I is obtained from Eq. (26) – 5.1 and 5.12 N for tensile and
compressive loads, respectively. In the FE simulation, the uni-axial
tensile force of CCM-I in the y-direction to cause the yield of the
base material near the holes of CPS-I is 4.85 N. The compressive
force causing the yield of CCM-I is 6.7 N. An error of about 4.9%
occurs with Eq. (26) for the non-contact region; this is the tension
of CCM-I.
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y-direction, the force inducing plastic deformation of the ﬂexure
hinges of CCM-II is obtained from Eq. (26) – 5.1 and 5.12 N for
tensile and compressive loads, respectively. In the FE simulation,
the uni-axial tensile force of CCM-II in the y-direction to cause
the yield of the base material near the holes of CPS-II is 4.79 N.
The compressive force causing the yield of CCM-I is 6.7 N. An
error of about 10% occurs with Eq. (26) for the non-contact region;
this is the tension of CCM-II.
Fig. 13(a) shows the effective stress–strain curves for uni-axial
loading in the y-direction. An almost linear stress–strain curve is
generated until the contact of the slit surfaces. From Eq. (17), the
effective moduli in the y-direction are the same for CCM-I and
CCM-II – 3.05 MPa for both cases. The FE analysis shows that the
moduli of CPS-I and CPS-II in the y-direction are 2.94 MPa.
From Eq. (27), the yield strengths and yield stains of the CCMs
in the y-direction are  0.51 MPa and 16:8%, respectively. Note
that (+) and () imply tensile and compressive loading conditions,
respectively. The FE analysis shows that the tensile strength and
yield strain of CCM-I are 0.49 MPa and 17.7%, respectively. The ten-
sile strength and yield strain of CCM-II are 0.48 MPa and 18.2%,
respectively.
For compressive loading in the y-direction, both CCMs experi-
ence contact of the slit surfaces and a higher yield strength and
yield strain than the case of tensile loading; a yield strength of
0.67 MPa and a yield strain of 6.7% are experienced.
Fig. 13(b) shows the effective Poisson’s ratios, myx, of
CCMs obtained from Eq. (18) and the FE simulation. Compared
with mxy, relatively low absolute Poisson’s ratio values are obtained
due to a high displacement input in the y-direction and a low
displacement output in the x-direction; the rotation of the link
member does not highly affect the output displacement in the
x-direction.
myx of CCM-I slightly varies with a strain in the y-direction, ey –
0.023 for a ey of 16.65% and 0.018 for a ex of 16.4%. The FE simu-
lation shows a maximum myx of about 0.021. A similar trend with
respect to the Poisson’s ratio is detected with CCM-II, except in
the opposite direction of the lateral deformation of CCM-I. myx of
CCM-II also slightly varies with a strain of ey – 0.017 for a ey of
16.85% and 0.025 for a ey of -19.69%. The FE simulation shows a
maximum myx value of about0.02. Eq. (18) still shows good agree-
ment in the prediction of the Poisson’s ratio before the contact of
slits; an error of 6% exists compared with the FE simulation.
Using the suggested CPSes, we may tailor the mechanical prop-
erties of CCMs (i.e., the modulus, strength, and yield strain of
CCMs). For example, a CPS with a negative cell angle has high mod-
uli in both the x- and y-directions and a highly effective Poisson’s
ratio, mxy. The initial contact strain can be controlled by the slit
gap (H  2ðsinh0 þ tÞ in Fig. 5. When CPSes are compressed in the
x- and y-directions, the ﬂexure hinges contact each other and
deform to create stress and strain.5. Discussion
Implementing contact is known to induce stress relief in a mes-
ostructure and can improve the elastic strain capacity (Mehta et al.,
2009). The phenomenon is dominant in the compressions of CPSes
in the x-direction. However, the stress release effect does not
appear to be signiﬁcant in the compression of CPSes in the y-direc-
tion; only a 0.01% increase in the strain occurs after contact.
One of the important advantages of using CPSes to design CCMs
is that a CPS can be manufactured as a puzzle piece, enabling
assembly with other CPS puzzle pieces to customize the CCM’s
mechanical properties. For example, as investigated in the previous
sections, CPS-I has a positive Poisson’s ratio and CPS-II has anegative Poisson’s ratio. A combination of CPS-I and CPS-II enables
the design of CPS-III, a new mesostructure with a zero Poisson’s
ratio, whose synthesizing procedure is illustrated in Fig. 14. It
should be noted that the CPSes in the present study can easily be
manufactured as a puzzle piece.
Fig. 15(a) shows the Poisson’s ratio and effective stress–strain
curve of CCM-III, which constitutes CPS-III. For a strain range with-
out internal contact (e.g., 0:16% < ex < 0:16%) a zero-Poisson’s
ratio is obtained. After internal contact, CCM-III has both positive
and negative Poisson’s ratios. At ex < 0:16%, CPS-I further
deforms in the lateral direction while CPS-II does not signiﬁcantly
deform due to internal contact, resulting in a positive Poisson’s
ratio (Fig. 15). On the other hand, at 0:16% < ex, CPS-II further
deforms in the lateral direction while CPS-I does not signiﬁcantly
deform due to internal contact, resulting in a negative Poisson’s
ratio.
A mixed constitutive behavior of CCM-III is obtained, as shown
in Fig. 15(b). The lateral expansion of CPS-II makes CCM-III further
elastically deform after internal contact under tensile loading. On
the other hand, the lateral expansion of CPS-I still exits after inter-
nal contact for compressive loading, resulting in further deforma-
tion in the material’s elastic range. If should be noted that the
FEM simulation in Fig. 15 was conducted under the elastic range
of the base material.
Customizing material properties with the puzzle-piece format
has potential because structures can easily be synthesized, which
was not possible with conventional cellular structures such as hon-
eycombs and foams. In future studies, we will explore more CPSes
in order to investigate customized properties with puzzle pieces.6. Conclusions
In this paper, CCMs composed of CPSes designed from regular
and re-entrant hexagonal honeycomb mechanisms were proposed
in order to tailor the desired mechanical properties. Porous geom-
etry was generated to mimic the behavior of hexagonal honey-
comb solids’ two properties: structures and mechanisms. The in-
plane properties of CCM were investigated through an analytical
model and a FE based numerical simulation. The major ﬁndings
of this study are as follows:
 Using a displacement ampliﬁcation mechanism, one can tailor
materials with high strains: e.g., elastomers. The designed mod-
uli of CCM-I and CCM-II with an aluminum alloy range from
2.9 MPa to 5.8 GPa, which covers the moduli of elastomers.
The CCMs also show high elastic moduli after the contact of slit
edges at the center region of the CPSes. The designed yield
strains of CCM-I and CCM-II range from 0.57% to 20%.
 Extremely high positive (40) and negative (40) Poisson’s
ratios, mxy, are obtained with CCM-I and CCM-II, respectively,
with an aluminum alloy. These are obtained via the rotation
of the link member, which induces the displacement ampliﬁca-
tion in the lateral (y) direction for a small displacement input in
the longitudinal (x) direction. Relatively low Poisson’s ratios, mxy,
are obtained – 0.01–0.02. This is caused by low lateral expan-
sion in the x-direction for an input displacement in the y-
direction.
 A combined design using CPS-I and CPS-II generates CCM-III, a
mesostructure with a zero-Poisson’s ratio and loading depen-
dent Poisson’s ratios after the internal contact of the CPSes; a
positive Poisson’s ratio for compression and negative Poisson’s
ratio for tension are generated.
This paper demonstrates that CCMs with CPSes can be used for
next generation material design in terms of tailoring mechanical
3902 K. Kim et al. / International Journal of Solids and Structures 51 (2014) 3889–3903properties such as the moduli, strength, strain, and Poisson’s ratios.
The proposed CPSes can also be easily manufactured using a con-
ventional cutting method. More work, including an experimental
validation, a parametric study, a sensitivity analysis, and an opti-
mization of geometry, are planned for future studies.Acknowledgments
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For the compliance coefﬁcients, C11, C22, and C33, which are
expressed as,effective properties of CCMs.
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Z 2R
0
1
EIðxÞdx; C22 ¼
Z 2R
0
x2
EIðxÞdx; C33 ¼
Z 2R
0
1
EAðxÞ dx
ðA:1Þ
the displacements by bending and stretching are formulated using
Castigliano’s second theorem. They are expressed in Eqs. (7)–(9).
To obtain the effective properties of the CPS, we solve the non-
linear equations in Section 3 by using the numerical method with
incrementing steps and iteration. First, we deﬁne the number of
increments, n, and determine the increment force, dF. By convert-
ing the numerical expression with Eqs. (A.2)–(A.8), the procedure
in Section 3 is modiﬁed.
dMz;iþ1 ¼ l sinðhiÞ4 dFx þ
l cosðhiÞ
4
dFy ðA:2Þ
dhiþ1 ¼ dMz;iþ1  C11 ðA:3Þ
hiþ1 ¼ hi þ dhiþ1 ðA:4Þ
dxiþ1 ¼ dFx  C33
dyiþ1 ¼ dFy  C22
ðA:5Þ
dxtotal;iþ1 ¼ 2 dxiþ1 þ l ðcosðhiþ1Þ  cosðhiÞÞ
dytotal;iþ1 ¼ 2 dyiþ1 þ l ðsinðhiþ1Þ  sinðhiÞÞ
ðA:6Þ
dxiþ1 ¼ dxinitial þ dxtotal;iþ1
dyiþ1 ¼ dyinitial þ dytotal;iþ1
ðA:7Þ
where the subscripts iþ 1 and i denote the current step and the pre-
vious step, respectively.
ex;i ¼
2 dxi
L
; ey;i ¼
2 dyi
H
; vxy ¼ 
ey;i
ex;i
; vyx ¼ 
ex;i
ey;i
rx ¼
Fx;i
H w ; r

y ¼
Fy;i
Lw ; E

x ¼
rx;1
ex;1
; Ey ¼
ry;1
ey;1
ðA:8Þ
The ﬂowchart for the numerical calculation is shown in Fig. A1.
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